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VECIOR OPERATIONS IN A DIPOLE COORDINATE SYSTEM

I. Introduction

For many physical systems it is important to follow quantities which are not easily

represented in the common orthogonal coordinate systems. In studies of plasmas either in the

earth’s magnetosphere or in solar flares, the major component of the plasma motion is along

the magnetic field line which is approximately dipolar. These are examples where resolving the

flow in dipole coordinates has two major benefits. First, by using the most natural coordinate

system, it preserves the physical intuition of how the system should behave. And second, use

of the natural coordinate system in a numerical simulation will minimize the numerical

diffusion due to interp&ating large components onto other coordinates.

In the following text the authors have compiled the results of their derivations for the

most common mathematical formulas and operations used in applications of a dipole coordinate

system. The results are given for a right-handed coordinate system (V,L, 4,) . Previously U)

the coordinates have been given in a slightly different order (L, V. ~), where this latter system

is left-handed. We note that the results for all of the operations described in the text are the

same in either system.

II. Geometry of the Dipole Coordinate System

Figure 1 shows the representation of a point outside a sphere of radius r t, in both spherical

(r . 0, ~
) and dipole ( V . L, 4)  coordinates where the relationship between the coordinates

E
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ORENS, YOUNG, ORAN, AND COFFEY

r~ cos9 rI —  . 1. - ,

r,,sln 2O

r ,~~~~r~~~~Oo , ~~~~~~~~~ O~~~ fu~~~ 2ir ,

defines a right-handed, orthogonal, curvlinear dipole system with coordinates in the range

—l~~~ I~~~ l. l~~~L~~~oo . 0~~~~~~ 2ir .

By relating the unit vectors of the two systems an arbitary vector can be transformed from one

system to the other

2 cos H sinO sinO 2 cosO
!e~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ !i —

~~~j — e ,— 
8 eN,

2cos f) sinO sinO 2 cos O
8 .t :i + —j--- .~~i. !~‘ 6

where 8 — .~fj  + J cos 2A. This dipole coordinate system has a hybrid representation where all

coefficients are given in terms of spherical quantities. For many applications this is the sim-

plest and most convenient representation.

A. Metric Coefficients for the Dipole System

r 3 t ,Sifl~ 9
h i — —y— . h, — — . h ,~, 

— V Sin 0.
r ,, 8 8

B. The Differentia l Arc Length, Area, and Volume Elements.

4 2 5
(d s) 2  ~~~~(dV)~ + 

V 0 51fl 0
. (J L) 2 + r~~in

29 (d 9) 2 ,

— 
rr,,sin4O 

JLd~ , do, — r
~

Ifl9 j~j~ ~~ ‘~~~~~ dVIL

dv — ~ ~~ dVdLd4,.
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C. The Derivatives of the Coordi nates of One System

with Respect to the Other System

.3 V 2r ,~ cosO I .3 V rJ si~0
‘ v . 3 0

I !.~L 2cos9
.3t r,,sin 29 r .30 — — 

rt,sin3O

( 80 
- 

smO 8
,-3 ÔV r8 ‘ r ,,sin 30 .9L — 8

t,~6 .9r — — 
2 cos9 8 .30 — — 

2 cos9
r~ .9V 6 ‘ r sin20 8L r8

D. Christoffel Symbols

Certain vector operations are simplified by the introduction of these symbois. For the

dipole coordinates, there are four independent nonvanishing components.

— — l-’,’~ — (1 + cos 20). i’t,. — — i’/1 — 6 cosO 
~ + cos 2O ,

— r~ — 3 CO SO r,~, — — rt~— r sin0ô 
(1 — 3cos 2O).

III. Vector Operations In the Dipole Coordinate System

For the following operations .1 is a scalar function,

f — f ( V, L, 4,) ,

A and B are vector functions,

— !~:1u’. L. ~~~ + 

~ 
L, th) ! i. + 

{~~ ) (v. L. th)

and T is a corresponding tensor function.

T — T ( V, L ,~~ ) .
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ORENS, YOUNG , ORAN , ANt) COFFEY

A. Divergence of a Vector

r!8 1 & r sin 40 6 2 .3 r 4sin0 I 8~4~
~~~ 

— 

~in~o 81 6 41 + 
~~~~~~~~~ 

.
~7 8 A , + 

r sin O

H. t , ra dient of * Scaler

‘.~~~ 81 . 6 81 . I Of— 
r~ OV ’ ~~~~ — 

r sin ’9 OL ’ (
~~ fl ,h — 

~~~~

C .  Laplac ian of a Scalar

— - 
.3 sin 49 01 

+ 
82 .3 r 4 .~L +r 4sifl4O O~ r 2 81 r ,~ r 4sin 40 .3L sin 2O !JL r 2sin 29 0ib~

D. C url of a Vector

(V -1 ) 9 — 6 
- ( r  sin0,4~) — 

I ôA~
- rr . s in 4O .9L r sin 0 Oçtj

I 0.4~ r ,8 
~(V 4 ) , — . — 

. — ( r  sinO.4 ,~,)r sinO Ob r 4sin0 81
,,?8 1 8 sin ’0 6 1 0X - b ’ 

~~~~~~ j~ ~‘ 
— 

,~, r 1 sin ø OL 6

E. Laplac lan of a Vector

— V 14 + 
6r~sin0 

+ cos 2O) ~~~ + i2 cos ø 
~ + cos 2

~ 
-.
~~

-
~~

-‘- + 
bcosl) 84 ~

- v 46 81 rv sin 1Oô 81. r stnO6 0~
— 

~~~ (I + cos 10) ’ + _.i_cos20 
~ 

— 
12 cosf) (1 + 3 cos 40),4 1r 6 4 r 26 r sj nO6 4

(V 2 .4) , — V 1 .4 , — 
6r?s in9 

(I + cos~0) -~—~-’-. — 
12 cosO (I + cos 2O) -

~~
-

~~~

r 46’ OV rr ,sin~O6 .3/.

— 
2 (I — 3  cos 20) .~~± + 18 ~~~~~~ ( I  + cos~0).41r’sin A6 r 18 4

— 1r 284 ( l  + cos 29)2 + 
r282sin 26 

(I — 3 cos bO)2J 4 ,

6 cos0 04 2 8.4 k t(V 4 ) ,~ — V ~~~ S — + — —
, (I — 3 cos O) —

- r sin06 8~ r sin O8 ô~ r sin 9
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F. Directional Derivative of a Vector

— (B ~V) 4 9 + 
3 sinO (1 + cos 2O) 8 ,-A L + 

6cosO (1 + cos 2O) B L A L
— — —  — —  r8

3 cos0
+ r 6

( ( 8 ~V) A J ,  — (8~V) A 1. — 
3 sine (I ÷ cos 2O) B ,-A 1 — 

6 cosO (1 + cos 20) B L A .
— —  v8

— (1 — 3  cos 2O) B 5A 5r sinO8

t (B .V ) A 15  — (B~V)A ,~ 
— 

3 cos0 B5A ,- + 
r sinOô ~~~ 

— 
~ cos 2O) B ,,,A L

G. Divergence of a Tensor

2 2  • 4  2 4~(V T) — 
V , 8 

~~~~~~ ~ ~~~~~ 
~~~~~~~~ + ~ ~~~~~ T -

— — I 
r4sin 4O .3 V 8 ‘‘ r,,r4sin 40 OL 8 Li’ + r sinO

+ 
3 s1n0 (1 + cos 2O) T.-L + 

6 cosO (1 + cos 29)TLL + 3C0
6
50

T66

F (‘
~~

Z’)L — 
~~~~~~~~~~~ ~~7(’ 

si~i
49 T1.LJ + r ,1r s:n O 

~~~( r s ~,
n9 TLL) + 

t sino

— 
3 sino (1 + cos 2O) TI.F — 6 cosO (1 + cos 2O) T LI

— (1 — 3  cos 2O) T 5,5,r sin08
2 4~~(V T) — ‘~ ~ r sin ~ T -  8 8 r sinO I ~‘os

— — ‘ r4sin4O OV 8 ~‘ 
+ 

r11r
4sin 4O OL 8 L t h  + r sinG 8.~

— 
3 cosO + sinO8 

(I — 3 cos 20) TeL

IV. Conclusio n

Most of these expressions have been used and tested in large numerical simulations of the

F ionosphere and magnetosphere. We hope that by writing the operations out in manual form

the tedious job of re-deriving them can be avoided in the future.
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Figur e I - The rcpr esentaII o n ot d point outs,dø a sphere of radius r,, in both sphe r,cal and dipole coordinates
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